We mathematically analyze the phase-only hologram constructed by taking the phase corresponding to the linear combination of two weighted phase functions. We show that this phase-only hologram may be written as a new linear combination for the original phase functions with new weights. Expressions for the new weights are developed to control the performance of the hologram. Also, some nondesired new terms appear and are written in terms of the original phase functions. The particular case of a bifocal lens is analyzed.
Diffractive optical elements are useful components in optical information processing systems. Array generators for optical interconnections, phase filters for correlation systems, beam shaping, adaptive optical components, and three-dimensional displays are common applications. Some of these applications require multiplexed functions, such as matched filters in pattern recognition and Fresnel lenses in optical interconnections. Suitable two-dimensional functions may be encoded in phase-modulating spatial light modulators for implementation of reconfigurable optical elements. Phase modulation has been shown with magneto-optic spatial light modulators, 1 twistednematic liquid crystals, 2 and transmissive matrix addressed ferroelectric liquid crystals. 3 Research has been done on the optical interconnection capability of phase-only holograms corresponding to two multiplexed Fresnel lenses 4, 5 in which the output is a set of two different spots with different weights. Weighted multiplexed lenses forming different output images at different focal lengths 6 or focusing in the same focal plane at different positions 7 have also been considered. In Ref. 4 it was experimentally shown that the weights corresponding to hologram reconstruction have a nonlinear relation with the weights of the encoded linear combination, when the phase hologram corresponds to the linear combination of two weighted phase holograms. This problem forces one to use a variety of numerical techniques to compensate for the nonlinearities. 8 -11 To our knowledge, no previous work mathematically deduced the nonlinear relation between the encoded weights and the resulting weights in the hologram reconstruction.
In this Letter we mathematically analyze the phase-only hologram constructed by taking the phase corresponding to the linear combination of two weighted phase functions. As a result, we show that a hologram constructed in this way may be written as a new linear combination of the original phase functions with new weights. Expressions for these weights are developed to control the performance of the hologram.
Some undesirable new terms appear and are written in terms of the original phase functions. Then the particular case in which the phase functions correspond to Fresnel lenses is considered, and the performance is analyzed. Finally, some conclusions are drawn.
We consider a linear combination of two phase functions exp͑if͒ and exp͑iu͒ (f and u are twodimensional functions) with real weights A and B (we assume that A 2 1 B 2 1 throughout this Letter), which def ines a new function M exp͑ia͒, where M is the amplitude and a is the phase:
If we need A and B to be complex numbers, we may write A A 0 exp͑iA 00 ͒ and B B 0 exp͑iB 00 ͒, where A 0 , B 0 , A 00 , and B 00 are real constants. Defining f 0 f 1 A 00 and u 0 u 1 B 00 , we may write the linear combination as A 0 exp͑if 0 ͒ 1 B 0 exp͑iu 0 ͒. This linear combination has the same properties as the one in Eq. (1). We need to perform some simple transformations in Eq. (1) to get a useful expression. By use of the Euler identities it is easy to verify the following equality:
Writing the right-hand side of Eq. (2) in the polar representation we obtain for M
and for exp͑ia͒ exp͑ia͒ exp
where the arctan[. . .] function is assumed to give the phase of the complex number ͑A 
In Fig. 1 c͑ b͒ is plotted for different values of a ϵ A 2 . Note that the closer A or B is to zero, the more linear the resulting function. For A ! B 0.5 1/2 the limit function is a rectangle function. A key point for our development is that c͑ b͒ can be considered a periodic function of b, with period 2p. This allows a Fourier series expansion to be performed:
where the weights a n can be written as a n 1 2p
The four main properties of the weights a n may be noted here: (i) the weights a n are real, because from Eq. (5) exp͓ic͑2b͔͒ exp͓2ic͑ b͔͒.
(ii) From Eq. (7) a n 0 for n even. (iii) From Eqs. (5) and (7) a n depends only on ͑A 2 B͒͑͞A 1 B͒ and n and is completely independent of u and f. (iv) For B͞A , 0.7, from Fig. 1 we may write c͑ b͒ b 1´͑ b͒, where´͑ b͒ is a function with period p and a maximum value near p͞4. Then performing a first-order Taylor expansion, we may write exp͓ic͑ b͔͒ ഠ ͑ib͓͒1 1 i´͑ b͔͒. Then the integrand in Eq. (7) 
This is the key result of this Letter. This means that the phase hologram corresponding to two multiplexed phase functions may be written as a new linear combination of the original functions ͑n 1 and n 21͒ affected by the new weights a 1 and a 21 . Undesired orders appear when other odd values of n are considered.
To encode the multiplexed phase hologram, we need to know the relation between the input ratio ͑A͞B͒ 2 and the desired ratio ͑a 1 ͞a 21 ͒ 2 . This relation is plotted in Fig. 2(a) ͓a 1 and a 21 have been evaluated by Eq. (7) tion of the desired output ratio in Fig. 2(b) . Note that the eff iciency is always greater than 0. 
The maximum absolute error of y is less than 0.001. This implies a fast and eff icient way of obtaining the weights for the multiplexed hologram and thus possible real-time control of the weights. The design of a bifocal lens is an example in which two phase functions are multiplexed. Many possibilities may be considered. We consider the particular case of two Fresnel lenses (quadratic phases) with the same focal length f , each shifted from the origin by an amount 6d͞2 in the x direction and with constant phase shifts of u 0 and f 0 . In such a case u ͑k͞2f͒ ͓͑x 2 d͞2͒ 2 1 y 2 ͔ 1 u 0 and f ͑k͞2f ͒ ͓͑x 1 d͞2͒ 2 1 y 2 ͔ 1 f 0 , where k is the wave number. Using this in Eq. (8), we may write the resulting bifocal lens as exp͑ia͒ X n a n exp
Considering n 1 and n 21, we obtain the desired shifted Fresnel lenses with the right phase shifts, u 0 and f 0 . For other odd values of n, this expression predicts that other focalizations will appear at the positions x nd͞2 (n odd) with an amplitude given by a n . This completely agrees with the experimental results of Fig. 2(a) Fig. 3(a) ] with 128 3 128 square pixels whose size is 75 mm 3 75 mm and d 450 mm (6 pixels) with f 1.138 m for a wavelength of 632.8 nm (He -Ne laser), as in Refs. 4-7. A section of the reconstruction of this hologram in the focal plane for plane-wave illumination is calculated by addition of the diffraction pattern of each square pixel. The result is shown in Fig. 3(b) , which is in agreement with the expected ratio. Note also that the location of the peaks is nd͞2 with d 6 pixels, in agreement with Eq. (10).
In conclusion, the phase hologram constructed from the linear combination of two weighted phase functions has been studied mathematically. This study shows that the final hologram contains the linear combination of the original phase functions affected by new weights. Also, some undesirable additional terms arise. These new weights depend only on the original ones and not on the functions being multiplexed. A polynomial expression relating the desired final weights and the original ones has been developed to permit real-time control of the hologram performance. As a particular example, we studied the codif ication of multiplexed Fresnel lenses to discover their performance characteristics. It has been shown that some extra focalizations occur, and their locations have been determined. Finally, the method has a very high diffraction eff iciency (in excess of 80%).
We expect this work to be the first step in the development of mathematical expressions for more complex multiplexed holograms. This treatment is also useful for the multiplexing of two arbitrary phaseonly filters for pattern recognition purposes.
